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Abstract 

We derive intersecting brane solutions in pp-wave spacetime by solving the supergravity 
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1 Introduction 



PP-wave spacetime provides an example of exact string theory background. It has been 
known for some time that pp-wave spacetime yields exact classical backgrounds for string 
theory, with all a' corrections vanishing [1, 2]. Also it has been shown recently that these 
backgrounds are exactly solvable in the light cone gauge [3]- [5]. Many of these backgrounds 
are obtained in the Penrose limit [6] of AdS p x S q type of geometry and preserve at least the 
same amount of supersymmetry as that of parent background [7, 8]. PP-wave backgrounds 
have also proven an interesting place to test the ideas of holography. It was conjectured 
in [9] that the type IIB string theory in AdS$ x S 5 background is dual to the Af = 4 
super Yang-Mills theory on the boundary of AdS$. Partly motivated by this, Berenstein, 
Maldacena and Nastase (BMN) [10] have argued that a particular sector of Af = 4 super 
Yang-Mills theory containing the operators with large R charge J, is dual to Type IIB 
string theory on pp-wave background with RR flux. The fact that the string theory in pp- 
wave background is exactly solvable has opened up the window to understand the duality 
beyond the supergravity limit. The correspondence between the string states and black 
holes is also adapted to pp-wave backgrounds [11]. 

D-branes can probe the nonperturbative dynamics of the string theory and they have 
been used to study various duality aspects of string theory. Several aspects of D-branes 
in pp-wave spacetime e.g. the supergravity solutions, open string spectrum and the su- 
persymmetric properties of branes and their bound states are studied extensively in the 
past [12]-[23]. Recently the focus has been on the most general pp-wave background with 
non-constant flux turned on [24]- [27]. D-brane solutions in these backgrounds and their 
supersymmetry properties are studied in refs. [28, 29]. In view of these recent develop- 
ments in the study of D-branes and thermodynamics of strings in pp-wave background, 
it is interesting to give a systematic derivation of the general D-brane solutions in the 
pp-wave backgrounds. 

In this paper we present a general class of intersecting brane solutions in the pp-wave 
background by using the method developed in ref. [30]. We start with a general ansatz 
for the metric and solve for the field equations of the supergravity. We also derive the 
intersection rules for the branes in this background. This is the pp-wave generalization 
of intersection rules for p-branes derived in [30] (see also [31]- [35] for discussion of brane 
intersections). The method used here also applies to other brane solutions [36] and is quite 
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useful. 

The existence of black holes or so-called black branes in pp-wave spacetime is also 
discussed recently. In particular there are 'no-go theorems' for the existence of horizons in 
pp-wave spacetimes admitting a covariantly constant null isometry [37]- [39]. The covariant 
constancy condition is further relaxed and a similar 'no-go theorem' is proved in [39] for 
spacetimes which are asymptotic to plane wave spacetime. Though, a version of 'no-go 
theorem' is still lacking for the backgrounds with sources and admitting null isometry, 
some examples are studied in ref. [39]. It has been found that in pp-wave spacetime 
supported by non-zero 5-form flux, while some of the extremal solutions admit horizons, 
the corresponding non-extremal deformations result in naked singularity. 1 We further 
examine the tidal force in the parallel transported frame and find that these solutions all 
do not have regular horizons [41]. 

Here we look for the non-extremal deformations of brane solutions in pp-wave space- 
time supported by NS-NS 3-form flux. We are interested in pp-wave background of the 
asymptotic form 

d-l d+2 

ds 2 D = —2dudv + K(y a , Zj)du 2 + ^ dy 2 a + ^ dz 2 , 

a=2 i=l 

if (3) = djb k (zi) duAdz j Adz\ (1.1) 

where D = d + d + 2, the coordinates u — (t + x)/y/2, v — (t — x)/y/2 and y a , (a = 
2, . . . , d — 1) parameterize the <i-dimensional world-volume directions. The NS-NS 3-form, 
ff ® breaks the SO(d + 2) isometry of transverse Zi (i = 1, d + 2) directions. 

The plan of the paper is as follows. In sect. 2, we present classical solutions of inter- 
secting branes in arbitrary dimension D in pp-wave background in the presence of non- 
constant NS-NS 3-form flux, switched on along the transverse directions to the branes. 
We also present the intersection rules for branes in this background. In sect. 3, we gener- 
alize the above construction to non-extremal cases. The intersection rules along with the 
'blackening' functions are derived by solving the Einstein equations. Sect. 4 is devoted 
to the discussion on the possible horizon and black hole solutions in the above pp-wave 
background. We conclude in sect. 5 with some remarks. 

1 However, if we further relax the null isometry condition, it might be possible to find black branes with 
regular event horizon in pp-wave spacetime [39] (see also the recent paper by Gimon et. al. [40]). 



3 



2 Extremal Solutions 



The low-energy effective action for the supergravity system coupled to dilaton and re- 
form field strength is given by 



1 - isk / d ° x ^ \ R - >' 2 - 1 i e "" F - 
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(2-1) 



where Go is the Newton constant in D dimensions and g is the determinant of the metric. 
The last term includes both RR and NS-NS field strengths and a a = |(5 — ua) for RR 
field strengths and a a = — 1 for NS-NS 3-form. We put fermions and other background 
fields to be zero. 

From the action (2.1), one can derive the field equations/Bianchi identities 



(2.2) 



E 



aA - e a A<t>p2 



2n A \ 



(2.3) 



(y/^ge^F^ 1 -^ = 0, 



(2.4) 



^[M-^l-|Un A ] 



0. 



(2.5) 



We start with the most general ansatz for the metric in pp-wave spacetime consistent 
with the isometries of the background, and the NS-NS 3-form field strength: 



d-l 



ds 2 D = e 2u °[-2dudv + K{y a ,z l )du 2 ] + J2e 2Ua dy 2 a + e 2B [dr 2 + r 2 dQ} +1 ], (2.6) 



a=2 



where D = d + d + 2, the coordinates u, v and y a , (a — 2, . . . , d — 1) parameterize the d- 
dimensional world- volume directions and the remaining d + 2 coordinates Zi are transverse 
to the brane world- volume; these are interchangeably used here with the radial coordinate 
r and d + 1 angles. dfl 2 ~ +1 is the line element of the (d + l)-dimensional sphere. All the 
warp factors are assumed to depend on r only. In this and next sections, d, d and D are 
general, but in sect. 4 we shall put D = 10. 
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The general ansatz for the background for an electrically charged g^-brane is given by 

F uva2 ... aq r = £uva2---a q E 5 iP'A = Q.A ~\~ 2). (2-7) 

Similarly, the magnetic case is given by 

pa qA+1 -a d _ iai -a s+1 _ _J_ e -a A <j> € a qA + 1 -a d _ 1 a 1 -a s+1 r / _ jj _ _ 2 \ (0 8) 

where ai, • • • , aj +1 denote the angular coordinates of the (d + l)-sphere. The functions 
E and E are also assumed to depend only on r. The NS-NS 3-form responsible for the 
off-diagonal component of the metric is separately written as 

Huij = d[ibj], (2.9) 

such that it satisfies the Bianchi identity. Here the indices i,j denote the directions 
transverse to the branes (zi, Zj or r and angles). 
Solving for the dilaton in eq. (2.3) gives 

0" + = ~ £ eAa A S A (E' A ) 2 , (2.10) 



2 , 



where Sa is defined as 



S A = exp(e A aA<i>-2^2u a y (2.11) 

The sum of a runs over the world-volume of the branes ( u, v and (q A — 1) y a coordinates, 
and so J2 a <= qA u a = 2m + Y?a=2 u a for example). 

The Ricci tensors for the metric (2.6) are summarized in the appendix. The field 
eqs. (2.2) are simplified considerably by imposing the condition 

d-l 

2u + ^2u a + dB = 0. (2.12) 

a=2 

It is known that under this condition, all the known intersecting brane solutions can be 
derived [30] -[35]. We can see that this condition makes most of the field equations in 
(2.2) linear, allowing superpositions of obtained solutions, and it is closely related to BPS 
conditions. Thus it is also expected to be sufficient to impose this condition in deriving 
BPS brane solutions in the pp-wave background. We will relax this restriction in our 
search for non-extremal solutions in the next section. 
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Using the condition (2.12), we can write eqs. (2.2) in the following form: 

< + ^< = E °~ D q A _ ~* S A {E' A y, (2.13) 
„'• + (A±ll„> + Ik~' (□" i+2 > + V e 2lB —->dl) K 

T' Zi V / 

a 

= E D 2 ~(D-~2) SA[E '* f ~ \'<- l ^ 2 -" B+ * ] (W. (2-14) 

< + M±l>„< = £ _|l_s^) 2 , (2.15) 



,4 



5" + j(B') 2 + { -^b' + 2K) 2 + x:«) 2 



a=2 



,4 



// 1 , (d+l)/ D , , 1\ d ^ q A + l 



B"-- + 



r 2 r V r/ r 2 ^ 2(D - 2) 



where 5^ is defined as 

( n \ I D — oa — 3 I Vq, belonging to O/i-brane 

= 1 H for <^ y B B ^ , (2.18) 

[ — (<?a + 1) [ otherwise 

and tA = +1(— 1) is for electric (magnetic) backgrounds. The equations (2.13), (2.14), 
(2.15), (2.16) and (2.17) are the uv , mm, a(3, rr and ab components of the Einstein equations 
(2.2) respectively. 

The field equation for the NS-NS 3-form (2.9) then leads to 

d {l b 3] = e 2uo+2B+ V y , (2.19) 

where jiij is constant. 

From eqs. (2.13), (2.14) and (2.19), we get the following differential equation for K: 

U^K + J2 e 2{B - Ua) d 2 a K = -e 2u » +2B+<l> (^) 2 , (2.20) 

a 

where Cj( d+2 ) is the Laplacian in flat d + 2 dimensional spacetime. 
Solving eq. (2.4) for the field strength gives 

S A E' A = c A r^ +1 \ (2.21) 
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Using this, one can integrate eqs. (2.10), (2.13), (2.15) and (2.17) to obtain a set of first 
order equations for 0, uo, u a and B. They are 

, = y e A a A c A E^ _c*_ 
r Z-^i 2 r d+1 r d+1 



i 2(D-2) CA ^T + ^TT' ^ j 
Putting u' ,u' a , B' into eq. (2.16) and equating ^-independent part equal to zero, we 

get 

c<t> = c = c a = c b = 0, (2.26) 
and ^-dependent part equal to zero, we get 



A,B 

where 



C -jE A E B = 0, (2.27) 



M _ . (gA + iKfe + i) , y , i Q f2 28 , 

- d p _ ^2 + (£)_2) 2 2 ^ ' 

M AB being constant, eq. (2.27) cannot be satisfied for arbitrary function E A unless the 
second term inside the square bracket is a constant. This gives 

E A = N A HJ\ (2.29) 

where the function H A is defined as 

H A = 1 + Q±. (2.30) 

/yd 



Putting A = B in eq. (2.27), we get 

c A dQ A _ dQ A D - 2 
Y ~ N A M AA = N A A A ' 



(2.31) 
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where A A is given by 

A A = (q A + l)(D -q A -3)+ l -a\{D - 2). (2.32) 

Integrating eqs. (2.22), (2.23), (2.24) and (2.25), we get 

x ^ D — 2 
(f) = 2^,^AdA—r — ln#A, 

A A 



r(a) 



A, 



u n = 



A A 

B = E^ ln ^ ( 2 - 33 ) 

A 

where the integration constants are put equal to zero by the requirement that asymptoti- 
cally the warp factors approach to 1. 

Using eqs. (2.33), one can write down the expression (2.11) for Sa as 

S A = H\. (2.34) 



By use of eqs. (2.33), eq. (2.20) for K becomes 



(□<**> + J2U H A AA dl)K = --{^?X{H l A \ (2.35) 



2 'A \ 1 

[ /; 1 1 

(i 2 S 

where we have defined 



( Q ) | D — 2 y a belonging to g A -brane 

7a = i n for < ^ , (2-36) 

otherwise 



and 



/ A = 4 (gA + l) + ^(J-2)-2(J-2) _ 

A A 

We note that for D-branes in D — 10, I — and 2( ^~ 2 - > = 1. For a single Dg^-brane, 
eq. (2.35) admits a solution of the form 

* = ^-¥( r2 + E^ + !f|5±), (for ^2) (2.38) 
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and 



K = c+ —. 



l / 



(r 2 + J2yl-(u-l)QAlnr^, (for d = 2) (2.39) 



r-d 32 

a 

Now, using eqs. (2.21) and (2.31), we can determine the normalization constant N A as 



n * = ]J A a7 1 - (2 ' 40) 

Our metric and background fields are thus finally given by, after putting all the warp 
factors etc. we obtained by solving the Einstein equations, 

2 M±i " 



dsl = U H A A U H ~A AA {- 



2dudv + Kdu 1 



A 

-2^ 



+ EIK AA dyl + dr 2 + r^\ +l 

a=2 A 



where 7^ is defined in (2.36) and the function K is in eq. (2.35). 

For A 7^ B, we have M AB = from eq. (2.27). This gives the intersection rules for the 
branes. If g^-brane and g^-brane intersect over q(< q A , q B ) dimensions, this gives 

_ (g A + l)( gB + l) 1 

q = D _ 1 - -e A a A e B a B . (2.42) 



For D-branes 



and we get 



e.4<J.4 = (2.43) 



9=^-2. (2.44) 



The results presented here are the pp-wave generalization of the intersection rules already 
discussed in the literature [30]- [35]. The amount of supersymmetry preserved by these 
brane configurations can be obtained by solving the Killing spinor equations explicitly. In 
the present case, the lightcone directions are lying along the brane, whereas the other pp- 
wave directions are transverse to the brane world-volume. The supersymmetric properties 
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of such D-brane configurations and their bound states are already discussed in [19, 29] for 
D = 10. For the D-branes in the background under consideration, there always exist 16 
'standard' Killing spinors (e±) satisfying T u e± = [42, 20]. The rest of the supersymmetry 
preservation depends on the number of solutions to the condition (^6-)P J e± = and the 
standard D-brane supersymmetry conditions. For the special case of H u i 2 = H U 34, the 
condition (c^&-.)r iJ 'e± = breaks half of the supersymmetry and the D-brane configurations 
in this background preserve 1/8 supersymmetries [19, 29]. 



3 Non-Extremal Solutions 

In this section, we present the non-extremal generalization of the solutions analyzed in 
the previous section. This could be done by directly starting with a metric ansatz with 
blackening functions along with the arbitrary warp factors and then solving the field 
equations to fix each of them accordingly. We follow a slightly different approach. Instead 
of putting the blackening functions directly into the metric ansatz, without any loss of 
generality, we shall deform the condition (2.12) as 



d-l 

2u + u a + dB 

a=2 



(3.1) 



where g being a function of r only. 

In our derivation of extremal solutions in the preceding section, we have set the above 
combination to zero. This is sufficient to find extremal solutions. Here we relax this 
restriction and search for general solutions. 

Using (3.1), eqs. (2.2) can be rewritten as 



< + 



9 

l + 

9 



r 

(d+1) 



D 



Qa 



2{D-2) 



-Sa(E' a ) 2 , 



, lg'K' 1 . 
U ^2-gK + 2 K 



a (d+2) + ^ e 2(B-u c 



A 

(d+ 1 



E V% 3 ^ )2 " i^ le_(2uo+2B+ ^[Ai) 5 



(a) 



(3.2) 



(3.3) 
(3.4) 
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B" + d(B>) 2 +{ -l+V±H 

g J, 



d-1 



a=2 



(3.5) 



where S A is defined as 



^2(£>-2) 



E 



^ = exp (^040 - 2 M Q j 

Similarly the dilaton eq. (2.3) can be written as 

] -)<t>'^-\^aa A S A {E' A )\ 



S A (E' A Y, (3.6) 



(3.7) 
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(3.8) 



Solving the equation for the field strengths gives 

S A E' A = c A g- 1 r-^ 1 \ 



(3.9) 



To solve for g(r), we multiply eqs. (3.2) and (3.6) by 2 and d respectively and add to 
eq. (3.4). Using the condition (3.1), we get 



g{r) = 1 - ( 



r J 



2d 



(3.10) 



Solving the dilaton eq. (3.8) and eqs. (3.2), (3.4) and (3.6) by using the solution (3.9), 
we get the following set of first order eqs. 



e A a A c A 



E A \T X + c<t> h-\ 



Ur 



= E 

A 

= E 



c A E A h 1 + c h 1 , 



D ~ q A - 3 
2(D-2) 

5 {a) 

2j^2) CAEAh ~ 1 + C ^"' 



* - E 



^ + 1 7? 1,-1 , ^ I 1,-1 



(3.11) 
(3.12) 

(3.13) 
(3.14) 



where /i is defined as 



h — gr 



d+l 



(3.15) 
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Putting values of u' ,u' a ,B' into eq. (3.5) and equating the ^-independent part to zero, 
we get the condition 

d-l j 

2cl + J2 C * + + 2 4 = ^(d + 1K 2J , (3. 16) 

a=2 



and similarly, ^-dependent part equal to zero gives 



A,B 



C -jE A E B = 0, (3.17) 



where 



M AB - d — - ^ 2 rL |j_ 2 )i + 2 



and 



c A = -2dc b D _ + 2^ ^ c a - e A a A c^ (3.19) 

M A b being constant, eq. (2.27) cannot be satisfied for arbitrary function E A unless the 
second term inside the square bracket is a constant. This gives 



where 



ola = 4^, (3.21) 
2dr$ 



(3 A and iV^ are constants and the function /(r) is defined as 

1+ 



/(/■) = ^y- (3.22) 



Putting A = B in eq. (3.17), we get 

ca = c A Q3 A - 1) = 5a(/3a - 1) D - 2 
2 N A M AA N A Aa ; 

where Aa is given in (2.32). 



(3.23) 
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Integrating eqs. (3.11), (3.12), (3.13) and (3.14), we get 

A A Idri 



u 



Ur 



A 

= -V ^-' ln^ + ^ln/, 

*(«) r 
= _y^l ni 7 A + 4^1n/, 
V A ^ 2dr$ 

<?A + 1 , j T , 1 , C 6 



fi = E^ ln ^ + 4 ln ^+^ ln /' ( 3 - 24 ) 

where i?A is given by 

h a = N A E- A i r* = {i-mi- r aA )} r\ (3.25) 

and the integration constants are fixed by the requirement that asymptotically the warp 
factors approach to 1. 

Using eqs. (3.24), one can write down the expression (3.7) for S A as 

S A = N\E- A 2 r\ (3.26) 

Now, using eqs. (3.9) and (3.23), we can determine the normalization constants N A as 



We also have 

d-i 

2c + J2 c * + dc b = 0, (3.28) 

a=2 

from the relation (3.1). By use of this relation, c A in eq. (3.19) can also be written as 

c A = 2 E c a - e A a A c^. (3.29) 

Our metric and background fields are thus finally given by, after putting all the warp 
factors etc. that we get by solving the Einstein equations, 

_ 2 qa+1 r 2 °~ 2 ~ a f -\ 

\ \ H A Aa I J H A Aa f c °/ dr ° | - 2dudv + Kdu 2 1 

A L A 

d-l _ 

+ E II H~ A ~r' ir kyl + p/^g 2 /«(dr 2 + r 2 d^~ +1 ) 

a=2 A 



ds 2 D 



Ea = J m-l ){ D-2 ) jt _ ln (3 30) 

13 



where the function K is given from eq. (3.2) and (3.3) by 

d-l 7^ 

a (d+2) + g -l dr g dr + J2 gVd f (c b -c a )/dri "Q % ] ^ 

a=2 A 
= (/%) ^2/dj(c o +c 6 +c /2)/drrf-Q^-U_ 



The extremal limit corresponds to r — > and /3a — > oo, keeping /9a finite. In this 
limit, noting that is finite from (3.16), (3.19) and (3.21), we find 



H A ^l + 2a A (3 A (^y, (3.32) 

so that 2a A p A r^ * s a parameter corresponding to the charge Q A in the extremal solution. 

For A 7^ B, we have M^b = from eq. (3.17). This gives the intersection rules for the 
branes. If g^-brane and g#-brane intersect over q(< q A ,qs) dimensions, this gives 

_ (g A + l)(g B + l) 1 

q = — _ 1 - -e A a A e B a B . (3.33) 

We also get the rule (2.44) for D-branes. We, once again, would like to point out that 
the above analysis is consistent with the flat space analysis performed in [30]- [35]. These 
branes are nonsupersymmetric for arbitrary values of non-extremal parameter r . One 
can check that in the limit r — > 0, both / and g goes to one and we get back to the 
super symmetric solutions presented in the previous section. 



4 Black branes and Horizons 

Non-extremal D-brane solutions usually admit horizons and are known as black branes. 
Though this is certainly true in flat spacetime, not all non-extremal solutions in pp-wave 
admit regular horizon [39, 41]. In particular, if the background admits a null Killing 
isometry, the corresponding brane solutions are found to have naked singularities. While 
the authors of [39] have analyzed pp-wave background supported by 5-form RR fields, our 
backgrounds have different isometries and it would be interesting to examine if one can find 
some black branes in this background. Also since the construction of the general solutions 
in the preceding sections is somewhat abstract, it would be instructive to present explicit 
examples of D-branes in the background (1.1) and discuss properties of their horizons. 



14 



First let us review the criteria developed in ref. [39] for the existence of horizon in 
pp-wave spacetimes. For the black holes in spacetimes which are not asymptotically flat 
e.g. pp-waves in our context, no rigorous definition of event horizon exists, partly because 
of difficulty in identifying the future null infinity. So one has to content with the working 
hypothesis that a black hole is the region of the spacetime causally disconnected from the 
asymptotic infinity. Thus the coordinate time along timelike or null geodesies to reach 
the asymptotic infinity is arbitrarily large. PP-wave spacetime admits two Killing vectors 
4- and For ir timelike, coordinate time can be identified with u and the following 

du dv du ' ° 

criteria for the existence of the horizon will apply. 

Suppose the warp factors behave in the vicinity of the horizon at r as 

e 2«o _ ( r _ rQ )2a 5 e 2B ^^ r _ K ~ ( r - r ) 2h sgn K. (4.1) 

Then the conditions for the existence of the horizon are: 

a + b>-l, a-b>\ if h > 

a + b+ \h\ > -1, a-b>l + \h\ if h< and sgn K = + 

a + b>-l, a-b>\ if K ~ | ln(r - r ) | . (4.2) 

For ^ spacelike or null, one has to choose the coordinate time as some linear combination 
of u and v and second condition is replaced by 

a + b+\h\>-l, a-b>l-\h\ if h< and sgn K = +. (4.3) 

For the pp-wave spacetime which are asymptotic to BFHP plane wave [7] (as is the 
case with our solutions), ^ is always timelike and one can use the first set of conditions 
given above. In this case, it should be noted that condition with h < is stronger than 
the condition with h > in the sense that if there exists no horizon for h > 0, and then it 
cannot exist for h < either. Since our solutions are asymptotic to plane wave spacetime, 
we do not have to worry about the second set of conditions. 

However this criterion (hereafter referred to as the first criterion), even when it is 
satisfied, might not be sufficient to guarantee the existence of a horizon [41]. It is not 
difficult to see that all scalar curvature invariants in the background (2.6) behave regularly 
in the near horizon limit. However, there may be divergence in the Riemann tensors 
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Rfivff [41]. Now the geodesic deviation equation for a test particle moving in the spacetime 
(2.6) is given by 

= -B? vpa u v tfu a (4.4) 

where x^(t) and w M are the displacement vector and four velocity of the test particle 
respectively. Hence the geodesic deviation equation may become singular and an observer 
traveling along a causal timelike or null geodesies will feel infinite tidal forces. The relative 
motion has an invariant meaning only in an orthonormal frame (with basis vectors e a 
obeying e a ■ e& = i] a b). The geodesic equation in this frame becomes 

? = -R'ojo^, (4.5) 

where x % = e^x^ etc. The most natural choice for the orthonormal frame is the parallel 
transported frame and we shall see, by some examples, that the Riemann tensors as 
measured in the parallel transported frame diverges for all these cases, in contrast to the 
first criterion mentioned above. This suggests that the first criterion is only a necessary 
condition but not sufficient. 

For simplicity, we set the parameters a,/3, 7 and 8 as 

a= J2- B = -2*- = -*- = ... 7 = -*- 6=-%- (46) 
2drf 2dr$ 2dr$ ' 2drf 2dr d Q 

Also since we are interested in the near-horizon limit of warp factors, it is useful to note 
the behaviour of functions Ha, f and g in this limit: 

H A ~( r -r ) — + — , /~(r-r ), 0~(r-r o ). (4.7) 
4.1 D3-brane 

First we consider the metric for the extremal D3-brane solution 

ds 2 = HP [-2dudv + Kdu 2 + dyj + dy 2 ] + \dz\ + ■■■ + dz 2 ] , 

H uij = ^j. (4.8) 

The corresponding eq. (2.35) for K becomes 

(v (6) +H 3 (d 2 y2 +d 2 j)K = - { ^f, (4.9) 
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where □ ( - 6 - ) is the Laplacian in the six-dimensional transverse space spanned by z±, ...,zq 
and Ha is given by eq. (2.30) with d — 4. 

Equation (4.9) admits a solution of the form 

K = c + | - 1(^) 2 (r 2 + y\ + , 3 2 + ^) . (4.10) 

So for the extremal D3-brane solution r = 0, a = — b = 1 and h = —2 and the criteria for 
the existence of the horizon is not satisfied. 

Next we consider the non-extremal deformation of the above solution. The metric of 
the non-extremal solution is given by 

ds 2 = H^f 2a {-2dudv + Kdu 2 ) + HPf 2p M + d vl) 

+ H$f*'gl(dz* + -.- + d4), (4.11) 

where H 3 is given by eq. (3.25) with d = 4. The corresponding eq. (3.31) for K then 
becomes 



(□( 6 ) + g~%gd r + g*f^H 3 (dl + &J)k = Jj^lglf^. (4.12) 
The parameters a,/3 and 7 satisfy the relation 

a + ,3 + 27 = 0, (4.13) 

and the relation (3.16) becomes 

8a 2 + 24 7 2 + 16«7 + 5 2 = -. (4.14) 
Using these relations, we find from (4.11) 

|«D3|-«D3 . , |«D3|-«D3 . . 1 Q f . , _x 

a = + a, b= + 7 + ^, «ds = -87- (4.15) 

It is not difficult to see that the relations (4.2), (4.13)-(4.15) cannot be satisfied for 
real values of parameters a, 7, and 5. So the non-extremal deformation of the D3-brane 
solution does not admit horizon. 

Now we would like to check how the curvature tensors behave in the near horizon limit. 
As already mentioned, the possible divergent quantity is the Riemann tensor measured 



2 



17 



in an orthonormal frame. A natural choice for it is the parallel transported frame as 
emphasized in [41]. The Riemann tensors in the parallel transported frame are given by 



Rtptp — Rfivpat^p ifp , 

Rtpti = Rpupcrt^P t^Tl^ , 

Rutj = R^n^n*, (4.16) 

where , p^ , , are the unit vectors in the parallel transported frame. 

Explicit form of these vectors for D3-brane can be read off from ref. [41]. Using 
the expression for Riemann tensors given in the appendix, 

(K, rr +3^fcos 2 (T)),R tpti ~ jzK, rx cos(r) and R titj ~ ^(K myj +5ijr 3 K, r ) for the ex- 
tremal solution, and they diverge as ^, 1 and ^ for i ^ j and ^ for i = j, respectively. 
Similarly we can see that some components of the Riemann tensors behave as ^z^s with 
a > for non-extremal solutions and hence are divergent in near horizon limit. This 
means that there is no regular horizon in these extremal and non-extremal solutions, in 
agreement with the above conclusion. 

4.2 D3-D3 system 

Next let us consider the extremal D3-D3 system. The metric is given by 

ds 2 = HP HP (-2dudv + Kdu 2 ) + Hp Hi {dy\ + dy\) 
+ Hi Hp (dyj + dyl) + Hi Hi {dz\ + ■ ■ ■ + dz 2 4 ), 
H uij = fj, ij . (4.17) 



The corresponding eq. (3.31) for K then becomes 

[□ (4) + H 3 (d 2 y2 + d 2 J + H 3 ,(d 2 yi + d 2 J}K = -\{^)\ (4.18) 



where is again the Laplacian in the four-dimensional transverse space spanned by 
Zi,---,Z4 and H 3 and Hy are given by eq. (2.30) with d = 2. 
Equation (4.18) admits a solution of the form 

K = + % ~ h (/%)2 ( r2 + y * + y " + y " + y " ~ 2Qs ln r " 2Qy ln r ) • (4, 19) 
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So for the extremal D3-D3 system a = — b = 1 and h = — 1 and the criteria for the 
existence of the horizon is satisfied. However, we shall see that this is not sufficient for 
the existence of the regular horizon. 

Now let us consider the non-extremal deformation of the D3-D3 system. The metric 
is given by 

ds 2 = E^ E~? f 2a {-2dudv + Kdu 2 ) + H'^Hlf^dyl + dyf) 

+ ElE^f\dy\ + dyl) + ElEl^g{dz\ + ■■■ + dzj), 
E uij = fjiij. (4.20) 

The corresponding eq. (3.31) for K then becomes 

[□« + g- l d r gd r + E 3 f^g(d 2 y2 + d 2 J 

+Hvf^\d 2 4 + d 2 J}K = J±ii£f^s g . (4.21) 

The parameters a,j3 and 7 satisfy the relation 

a + 2(3 + 7 = 0. (4.22) 

The relation (3.16) becomes 

6a 2 + 67 2 + 4a 7 + 5 2 = 3. (4.23) 

Using these relations and choosing same value for «d3 for both D3-branes, we find from 
(4.20) 

|«D3|-ttD3 . , |aD3|-ttD3 . . 1 <->/ \ /aoa\ 

a = ha, b= \-^ + -, «D3 = 2(a - 7) = a D3 >. (4.24) 

We again find that the conditions (4.2) for the existence of the horizon cannot be satisfied 
for real values of parameters a, 7, and S obeying the above conditions. So the non-extremal 
deformation of the D3-D3 brane solution also does not admit horizon. 

On the other hand, we have examined the Riemann tensors in the parallel transported 
frame and found that they again diverge. Thus, both the extremal and non-extremal 
solutions do not have regular horizon. This is contrary to the above result due to the first 
criterion that the extremal solution admits a regular horizon. 



19 



4.3 D3-D5 system 

Next let us consider the extremal D3-D5 system. The metric is given by 

ds 2 = HpHP(-2dudv + Kdu 2 + dyi)+HpH}dyl 

+ HiHP(dyl + dy\ + dyl) + H^H^d^ + dz 2 2 + dz 2 3 ), 
H U ij = Hij. (4.25) 

The corresponding eq. (3.31) for K then becomes 



[□ (3) + H 3 H 5 d 2 y2 + H 3 d 2 m + H 5 (d 2 y4 + d 2 y5 + d 2 J]K = -\{^) 2 . (4.26) 



where is once again the Laplacian in the three-dimensional transverse space spanned 
by zi, z 2 , z 3 and H 3 and H 5 are given by eq. (2.30) with d — 1. 
Equation (4.26) admits a solution of the form 

K = c+j- ^(^,) 2 (r 2 - 2(Q 3 + 2Q 5 )r - 2Q 3 Q 5 lnr + y\ + y\ + y\ + y\ + y 2 ) . (4.27) 

So for the extremal D3-D5 solution a = |,6 = — | and h — — \ and the criterion for the 
existence is not satisfied. 

Now let us consider the non-extremal deformation of D3-D5 system. The metric is 
given by 



ds 2 = HpHPf 2a (-2dudv + Kdu 2 ) + HpHPf 2 ^dy 2 2 + HpHif 2 ^dy 2 3 
+ HlHPf^(dy 2 + dy 2 5 + dyl) + H* tfj f 2 " g 2 \dz\ + dz\ + dz 2 3 ), 
H uij =LHj, e+ = Hpf, (4.28) 

where H 3 and H 5 are given by eq. (3.25) with d—1. The corresponding eq. (3.31) for K 
then gives 



,2 



[□< 3 > + g-'drgdr + H 3 H 5 f 2 ^g 2 d 2 2 + H 3 f^g% 

+H 5 f 2 ^g 2 (d 2 m + d 2 5 + d 2 J}K = - (^l!/^ 7+V (42Q) 

The parameters 7 satisfy the relation (3.28) 

2a + 5/3 + 7 = 0. (4.30) 
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The relation (3.16) becomes 

28a 2 + 8«7 + 12 7 2 + 55 2 



= 20. 



(4.31) 



Using these relations, we find from (4.28) 

|«D3| - «D3 , |«D5 1 - «D5 , 

a = 8 + 16 + °' 

|«D3|-«D3 3(|a D5 |-a D5 ) 

b= 8 16 + 7 + 1 ' 

12 4 4 8 

«D3 = ya - g7> «D5 = ^« - ^7 + <5 (4.32) 

We find that again that the conditions (4.2) for the existence of the horizon cannot be 
satisfied for real values of parameters a, 7, and 8 obeying the above conditions. So the 
non-extremal deformation of the D3-D5 brane solution also does not admit horizon. 

One also finds that the Riemann tensor in the parallel transported frame for this 
solution diverges for both the extremal and non-extremal solutions, in agreement with the 
above conclusion. 



4.4 D5-NS5-D3 system 

Next let us consider the extremal D5-NS5-D3 system. The metric is given by 



ds 2 = H 3 *H 5 ~ 4 H 5 , 3 {-2dudv + Kdu 2 ) + H*H 5 J H 5 , J (dy 2 + dy 2 + dy\) 

+ H^H^Hldyl + HpHiHpdyl + H$H%H*(d4 + dz\ + dz 2 3 ), 

H uij = n^. (4.33) 

The corresponding eq. (3.31) for K then becomes 



[□< 3 > + H 5 H 5 ,(d 2 2 + d 2 3 + d 2 4 ) + H 3 H 5 d 2 5 + H 3 H 5 ,d 2 jK = - { -^H 5 , : (4.34) 



where is once again the Laplacian in the three-dimensional transverse space spanned 
by zi, z 2 , z 3 and H 3 , H 5 and H' 5 are given by eq. (2.30) with d — 1. 
Equation (4.34) admits a solution of the form 

K = c + j-—(fi ij ) 2 (r 2 -2(2Q 5 -2Q 5 , + Q 3 )r-6Q 5 Q 5 ,\nr-2Q 3 Q 5 lnr 

- 2Q 3 Q 5 , In r + y\ + y 2 3 +yl + y\ + yfj . (4.35) 
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So for the extremal D5-NS5-D3 solution a = |, b — — 1 and h — —\ and the first criterion 
for the existence is satisfied. However, we shall see that this is not sufficient for the 
existence of the regular horizon. 

Now let us consider the non-extremal deformation of D5-NS5-D3 system. The metric 
is given by 



1), 



ds 2 = H 3 *H 5 J H 5 , J f 2a (-2dudv + Kdu 2 ) + H*H b *H 5 ,* f 2f} (dy% + dy\ + dy. 

+ HpH^Hlf^dyl + HpHiHpfPdyl + h\ H} H}, f 2 ^ g 2 {dz\ + dz\ + dz : 

H uij = Vij, e* = HpHlf 5 . (4.36) 

where H3, H$ and are given by eq. (3.25) with d — 1. The corresponding eq. (3.31) 
for K then gives 

[□< 3 > + g- l d r gd r + H 5 H 5 ,f 2 ^g 2 (d 2 y2 + d 2 m + d 2 J + H 3 H 5 f 2 ^g 2 d 2 5 

+HsH 5/ f 2 ^g 2 d 2 6 ]K = -^V+^+y# 5 , (4.37) 
The parameters 7, satisfy the relation (3.28): 

2a + 5(3 + 7 = 0. (4.38) 

The relation (3.16) becomes 

28a 2 + 8«7 + 12 7 2 + 55 2 = 20. (4.39) 
Using these relations, we find from (4.36) 

|«D3| — «D3 , |«D5| — «D5 , , |«NS5' I — «NS5' 

a= 8 + 16 + + 16 + Q ' 

|a D3 |-a D3 3(|a D5 |-a D5 ) 3(|a NS5 '| - «NS5' 



+ 7 + 1, 



8 16 16 

12 4 4 8 4 8 

a D3 = — a --7, a D 5 = 7« - 77 + t>, «NS5' = 7« - 77 - ^ ( 4 - 4( J) 

We find that the conditions (4.2) for the existence of the horizon cannot be satisfied for 
real values of parameters a, 7, and 5 obeying the above conditions. So the non-extremal 
deformation of the D5-NS5-D3 system does not admit horizon. 

We have examined the Riemann tensors as measured in the parallel transported frame 
for this solution and find that they again diverge for both the extremal and non-extremal 
solutions. Thus the above result according to the first criterion is not sufficient to guarantee 
the existence of the regular horizon for the extremal solution. 
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5 Summary and Discussion 



In this paper we have constructed a general class of intersecting brane solutions in pp-wave 
spacetime with nonconstant NS-NS flux. The intersection rules for the branes in this back- 
ground are derived by solving Einstein equations in D dimensional space-time. Though 
the asymptotic form of the solutions is quite different from flat space, the intersection 
rules are found to be the same as that of flat space-time. The super symmetric properties 
of the brane configuration are also outlined. Moreover, we generalize our construction 
to non-extremal solutions as well. The corresponding set of intersection rules are also 
derived. 

We have considered the possibility of the existence of horizon with some examples of 
intersecting branes in the pp-wave background with three form flux. Here we have first 
used the criteria developed in ref. [39], which indicates that there can be a regular horizon 
for some extremal solutions, but the non-extremal deformations do not admit any horizon. 
However, the criterion is not sufficient to guarantee the existence of the horizon [41]. We 
have explicitly shown that the Riemann tensors diverge in the parallel propagated frame 
for the brane solutions in pp-wave background for which the first criterion suggests that 
there can exist a regular horizon. 

One would conclude that the brane solutions do not admit the regular horizon in 
pp-wave spacetime in general and the corresponding solutions are singular. However, as 
emphasized in [41], the presence of these 'pp-singularities' close off the spacetime near 
the horizon and analytic extension beyond the horizon is not possible. In this sense these 
singularities may be regarded as the physical boundary of the spacetime. It is also possible 
that stringy effects can resolve these singularities. 

D-brane systems have been quite useful in studying nonperturbative properties of field 
theories realized on them. The pp-wave background is one of the rare examples on which 
string theories can be solved exactly. It would be interesting to examine our solutions 
further and see how these nice properties expected to be reflected in our brane solutions 
can give further insight into the field theories as well as string theories. 
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A Curvature tensors 

In this appendix, we summarize the curvature tensors necessary for our derivation of brane 
solutions. 

The non-zero Christoffel symbols for the metric (2.6) are 

1 1 K' 

p« _ yv _ i ™ _ _zk' Y r — P 2u o- 2B r r — —Kin' + -—) P 2u o- 2B 

L ur — L vr — "05 1 ur ~ 2 UV ~ ' uu ~ ^ 2K ' 

T a br = (B' + -)5 ab , r ab = -r 2 (B' + -)g ab , F a bc = V(^, c + 9cd , b - g bc , d ), (A.l) 

where g ab is the metric for the sphere of radius r and the prime denotes a derivative with 
respect to r. 



R 



Ricci Tensors: 

The non-zero Ricci tensors of the metric are 

Jd/ d+1 



O 2{u -B) 



ul + u' {2u' + d ^u' a + dB'+ d -±^) 



_ e 2(u -B) K 



a=2 



1 d-1 -i 1 d-1 

+d t (u + - In K) d l (2u + $>« + dB) ~ ^ e 2{u °~ Ua) d 2 a K , 

a=2 -I a=2 



Ra/3 — 



2(u a -B) 



d-1 



ul + u' a (2u' + J2^ + dB' + 



Jr>/ d + l 



7=2 



a=2 a=2 

-2K) 2 -E«) 2 -( J+1 )( fi, + ^) 2 ' 
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Rab — 



B"-± + {B'+l)(2u' + £u' a + iB> + *±±) 

a=2 



d 

dab + — 9ab- 



R v 

-^uvu 



f? u 



R v 



Riemann Tensors: 

The nonzero Riemann tensors of the metric are 

-K(u' ) 2 e 2u °- 2B , 

( - Kul - K'u' - ^ - (u> ) 2 K + Ku> B' + l -K'B')e 2 ^ 2B , 
[< + K) 2 -5V ]e«, 

-X(^ + I)(^ + I|)e 2 - 2 X 

\-r 2 B" + B' 2 dr 2 + (2d - l)B'r + d]5 ab , 
Rabc d -r 2 (B> + ^-)\5 d h 5 ac -5 d a 5 bc ), 



R 13 

1 L uau 



R 13 = 



R 



■ar/3 
■arb 
Rabc 



Rn 



R aa , b = -u' a {B' + ^-)e 2 ^- 2B 5 b a 5 aP , 



where R a bc d is the Riemann tensor for the sphere part with metric g ab . 



(A.2) 



(A.3) 
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